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Expanded trapezoidal fuzzy numbers: an innovative approach to ranking

N.Siva Prasad®, B.Mahesh?,

ABSTRACT

In forecasting, optimization, decision-making, and other analytical fields, fuzzy numbers are crucial. An

executive must grade hazy figures before any action is taken. Through a variety of counter cases, the
ranking technique proposed by Chen and Chen (Expert Systems with Applications 36 (2009) 6833-6842)
is proven to be incorrect in this study. This project focuses on developing new techniques for ranking

generalized trapezoidal fuzzy numbers. The recommended approach is a big advantage since it gives the

proper ordering of both normal and generalized trapezoidal fuzzy numbers. Wang and Kerre (Fuzzy Sets

and Systems 118 (2001) 375-385) state that the proposed ranking function satisfies every requirement

for being a fuzzy quantity.

Keywords: Generalized trapezoidal fuzzy numbers, ranking function

INTRODUCTION

Real-world problems may be effectively
addressed with the help of UZZY set theory [1].
Real numbers can be sorted by or, however
fuzzy numbers do not have this form of
inequality. It is difficult to tell whether one
fuzzy number is greater or smaller than another
since fuzzy numbers are represented by a range
of possible outcomes. The employment of a
ranking function is an efficient way to sort the
fuzzy numbers. Real numbers are used to define
the set of fuzzy numbers (F (R) R), which maps
each fuzzy number to the real line in a natural
order. Fuzzy set theory has grown more
concerned with the specific ranking of fuzzy
numbers, which is an essential process for

making decisions in a fuzzy environment.Jain
was the first to come up with the idea of ranking.
In [0,1], Yager [3] introduced four indices that
may be used to sort fuzzy quantities. There is a
method for sorting fuzzy numbers in Kaufmann
and Gupta [4]. [5] Campos and Gonzalez [5]
suggested a subjective method of rating fuzzy
numbers. Integral value index was established
by Liou and Wang [6]. Cheng [7] proposed a
distance-based ranking algorithm for fuzzy
integers. Kwang and Lee have a lot in common.
A ranking approach was developed by [8] based
on the overall probability distributions of fuzzy
numbers. Modarres and Nezhad [9] presented a
ranking
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approach based on preference function in which
the fuzzy numbers are measured point by point
and the most favoured number is identified at
each step in the ranking. According to Chu and
Tsao [10], the region between the centroid and
original point may be used to rank fuzzy
integers. For sorting fuzzy numbers, Deng and
Liu [11] suggested a centric-index technique.
Additionally, the centric notion was used in the
ranking indices developed by Liang et al.
Chinoy and Chinoy. In order to rank generalized
trapezoidal fuzzy numbers, [14] proposed an
algorithm. To rank trapezoidal fuzzy numbers,
Abbasbandy and Hajjari developed a novel
method based on the left and right spreads at
various -levels. Fuzzy risk analysis based on
ranking generalized fuzzy numbers with various
heights and spreads was introduced by Chen and
Chen [16].

The ranking approach presented by Chen and
Chen is proven to be flawed in this study using a
number of counter instances. There is a problem
with [16]. New methods for ranking generalized
trapezoidal fuzzy numbers are the focus of this
study. Because the suggested technique provides
the right ordering of generalized and normal
trapezoidal fuzzy numbers, it is a significant
benefit. The following is how the paper is laid
out: Second, the definitions, arithmetic
operations, and a sorting algorithm are covered
in this section. Chen & Chen's technique [16] is
examined in section Ill. Generalized trapezoidal
fuzzy numbers are discussed in further detail in
Section IV. On the other hand, the suggested
ranking function is proven to satisfy all the
reasonable features of fuzzy quantities in
Section V. Section VI focuses on the conclusion.

II. PRELIMINARIES
In this section some basic definitions, arithmetic
operations and ranking function are reviewed.

Basic Definitions

In this section some basic definitions are
reviewed.
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Definition 1. [4] The characteristic function uA4
of a crisp set A € X assigns a value either 0 or 1
to each member in X. This function can be
generalized to a function 4"~ such that the value
assigned to the element of the universal set X fall
within a specified range i.e. u4™ : X — [0, 1].
The assigned value indicate the membership
grade of the element in the set A.

The function u4™ is called the membership
function and the

set A = ({_.1‘.;.:_{( z));
€ X} defined by y1 5 () foreach € X is called a fuzzy set.

Definition 2. [4] A fuzzy set A, defined on the universal
set of real numbers R, is said to be a fuzzy number if its
membership function has the following characteristics:

L pt; : R — [0,1] is continuous.

2 pi(x)=0forall x € (—o0,a]|J|d, ).

3. pu4(x) strictly increasing on [a,b] and strictly decreasing
on [, d).

4 pi(z)=1forall z € [b,c|, where a <b< e <d.

Definition 3. [4] A fuzzy number A = (abed) is
said to be a trapezoidal fuzzy number if its membership
function is given by

|T—a)
(b-a)’
pilz)=14 1 b<z<e
. (z—d)

c—d)

Definition 4. [16] A fuzzy set A, defined on the universal set
of real numbers R, is said to be generalized fuzzy number if
its membership function has the following characteristics:

I pz: R — [0,w] is continuous.

2. pj(z) =0 for all z € (—oo,a] J[d, ).

3. pj(x) strictly increasing on [a,b] and strictly decreasing
on [e,d].

4. pi(z)=w. forall z € [b,c], where 0 < w < 1.
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Definition 5. [17] A fuzzy number A = (a.b.e.d:w LR
is said to be a L-R type generalized fuzzy number if its

membership function is given by

U'L(—Eﬁl. for a<z<bh
pilz=y w for b<z<e
wR(F=) for c<a<d.

where [ and R are reference functions.

Definition 6. [17] A L-R type generalized fuzzy numbe
A = (a,b,e,d;w),p is said to be a generalized trapezoid:
fuzzy number if its membership function is given by

a9 gcz<h

pi(z)=¢ w b<z<e

(z—d) e p<d
HW C<T<

w

B. Arithmetic operations

In this subsection, arithmetic operations between
two generalized trapezoidal fuzzy numbers,
defined on universal set of real numbers R, are
reviewed [16].

Let Ay = (ay, by, ¢e1,dy;wy) and As = (a0, by, e, do; ws) by
two generalized trapezoidal fuzzy numbers then

(i) 4:43 = (ay+ag9, by +be, )+, dy+do; min (wy, wq)
(i) Aj8As = (ay—do, by—ea, 01=bo, dy—aa;min (wy, ws)
oo v | (A, Ab Ae, Adywy) A>0
““’\4‘—{ (My, Aey, Aby, Aag;wy) A <O,

C. Ranking function

An efficient approach for comparing the fuzzy
numbers is by the use of a ranking function [2],
_F(R)—>R,

where F(R) is a set of fuzzy numbers defined on
set of real numbers, which maps each fuzzy
number into the real line, where a natural order
exists i.e.,
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(i) A= Biff RH} il(B)
(ii) 4JB|ff}?H} R\B)
(iii) A ~ B iff R(A) = R(B)

Remark 1. [18] For all fuzzy numbers A,B,C' and D
we have

@ A»B=dsC>Bal

@) A»B=ioCrBoC

(i) AnB=AaC~Bal
(ivy A=BC~D=2A4¢C~BaD

III. SHORTCOMINGS OF CHEN AND CHEN
APPROACH

In this section, the shortcomings of Chen and
Chen approach [16], on the basis of reasonable
properties of fuzzy quantities [18] and on the
basis of height of fuzzy numbers, are pointed out
On the basis of reasonable properties of fuzzy
quantities Let ~ A and "B be any two fuzzy
numbers then

A B_:- A B‘ B¢ B (Using remark 1 )
e, R(A)>R(B)= R(A: ' B) > R(B ' B)

In this subsection, several examples are choosen to prove that
the ranking function proposed by Chen and Chen does not
satisfy the reasonable property, A = B = (A&:B) = (B=B),
for the ordering of fuzzy quanutles ie., according to Chen
Chen approach A = B # Ao B ~ B & B, which is
contradiction according to deg and Kerre [18].

Example 1. Let A = (0.1,0.3.0.3,0.5:1) and
B = (0.2,0.3,0.3,0.4;1) be two generalized trapezoidal
fuzzy numbers then according to Chen and Chen approach
B-AttBoA<Acdie.B-A4BoAdx AcA.

E_xample 2 Lt A = (01,03,030508) and

= (0.1,0.3,0.3,0.5; 1) be two generalized trapezoidal
fu12) numbers then according to Chen and Chen approach
B-~AbwtBoA<Acdie.B~A#4BoAsAcA
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Example 3. Let A = (-0.8,-06,-04,-0.2;0.35)
and B = (-04,-03.-0.2,-0.1;0.7) be two generalized
trapezoidal fuzzy numbers then according to Chen and
Chen approach A> Bt Ac B < Bo B ie.,
A»B# AcB>BeB.

Example 4. let A = (0.2,0.4,0.6,0.8;0.35) and
B = (0.1,0.2,0.3,0.4;0.7) be two generalized trapezoidal
fuzzy numbers then according to Chen and Chen approach
B-Abut BoA<AcAie,B>A# BoAx> Ao A

On the basis of height of fuzzy numbers

Chen and Chen method [16] asserts that the
ordering of fuzzy numbers relies on the height of
fuzzy numbers in certain circumstances,
although this is not always the case, as shown in
this part.

Let A = (ay,as,as, aq;w;) and B= (ay,a2,a3.a4;w5) 1
two generalized trapezoidal fuzzy numbers then according
Chen and Chen [16] there may be two cases

Case (i) If (ay + a2 + a3 + a4) # 0 th

“i - B if wy < ws
A=B, ifw >w,
.‘i ~ B. if wy = Wy

Case “l) If (01 + Q9 + g + Ul) = 0 then .‘i '\/ B f
all values of w; and ws.

Fuzzy numbers are ranked according to height in
the first instance and not according to height at
all in the second case, which is a contradiction,
according to Chen and Chen [16].

Example 5. Let A = (1,1,1,1;w;) and B = (1,1,1,1;w,)
be two generalized trapezoidal fuzzy numbers then according
to Chen and Chen approach A < B if w; < ws, A= Bif
wy > s and A ~ B if wy = ws.

Example 6. Let A = (-4,-2.-.1,.T;w;) and
B =(-4,-2,-.1,.T;w), be two ganemllzed trapezoidal
fuzzy numbers lhen A ~ B for all values of w 1 and ws.

ISSN:1300-669
Volume 18 Issue 2 Oct 2022

IV. PROPOSED APPROACH

In this section, a new approach is proposed for
the ranking of generalized trapezoidal fuzzy
numbers

Let A = (ay.by,erdiwy) and B = (a9, ba, 03, do;ws)
be two generalized trapezoidal fuzzy numbers then

(i) A= Bif RM(A) >RM(B)
(i) A~ Bif RM(4) <RM(B)
(iii) A ~ B if RM(A) =RM(B) (1)

A. Method 10 find values of RM( .i] and RM['B')

Let ~i = (ay,by. ¢y,dy;wy) and B = (ag,bg,(‘g.(lgill'g}
be two generalized trapezoidal fuzzy numbers then use the
following steps to find the values of RM(A) and RM(B)

Step 1 Find w = min(w, ws)

Step 2 Find R(4) = l]{[ Yz) + R~'(x)}dz, where
0

L' z)=m+ l'ljl;u”.l. Rlz)=e1+ —”“'I;r =

- R(d) = osthiieitd)

and

RB) = LJ{L-"a) + R()}da, where
0
LY z)=as + _'”"'-';‘“:JI.

{by—ey DT (ag+by+eg+ds)
B-Y{2)= g+ G0 BiB) = Merthiaid),

Step 3 If R(A) # R(B) then RM(A) = R(4) and
RM (B) = R(B)

B = w w
otherwise RM(A) =mode(4) = %_fbld.r + %fcld.r =
0 0

w w

(b . T PR~ . .
Z and RM(B) =mode(B) = § [bydz + 5 [ eadz =

0 0

w(ba4ez)
3

Remark 2

Two fuzzy numbers may be joined by using the -
cut technique [4] to get arithmetic operations
between them, and the highest value of, which is
common to both fuzzy numbers, can be found by
determining wl and w2's minimum heights.
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V. RESULTS AND DISCUSSION

Fuzzy numbers described in section 3 are
correctly arranged in this part. A ranking
function suggested here meets the fuzzy quantity
features provided by Wang and Kerre [18] as
shown in Table 1.

Example 7. Let A = (0.1,0.3.0.3,0.5;1) and
B = (0.2,03,0.3,0.4;1) be two generalized trapezoidal
fuzzy numbers

Step 1 min(1,1)=1

Step 2 R(A) = 0.3 and R(B) = 0.3. Since R(A) = R(B) =
RM(A) = mode(A) = 0.3 and RM(B) = mode[B} = 0.3,
Now RM(A) = RM(B) = A ~ B,

Example 8. Let A = (0.1,0.3,0.3,0.5:0.8) and
B = (0.1,0.3,0.3,0.5; 1) be two generalized trapezoidal
fuzzy numbers

Step 1 min(0.8,1) =

Step 2 RHJ = 071 and RB) = 0.24. Since
R(A) = R(B) = RM(A) = mode(4) = 0.24 and RM(B) =
mode(B) = 0.24. Now RM(A)=RM(B)= A~ B.

Example 9. Let A =
and B = (—04,-0.3,
fuzzy numbers

Step 1 min(0.35,0.7) = 0.35

Step 2 R(A) = —0.175 and )}(B) = —0.0875. Since

(—0.8,-0.6,-0.4, -0.2;0.35)
—-0.2,-0.1:0.7) be two generalized

R(A) # ¢ (B) RMH) ~ J?H; and RM(B) = R(B).
Now RM( A) < RM(B =2 A<B.
Example 10. Let A = (0.2,0.4,0.6,0.8;0.35) a

B = (0.1,0.2,0.3,0.4;0.7) be two generalized trapezoi
fuzzy numbers then

Step 1 min(0.35,0.7 7)=0.35

Step 2 ?RH} = 0.175 and "RB] =
R(A) # R(B) = RM(4) = R(
Now RM(A) > RM(B)= A~ B.

0.0875. Sir
A) and RM(B) = R(1
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Example I1. Let A= (1,1,1,1;w,) and B=
be two generalized trapezoidal fuzzy numbers.
Step 1 min(wy,wy) = w (say)

Step 2 R(4) = w and R(B) = w. Since R(A) = R(B) =

(1,1, 1, 1;w9)

RM(A }—modeH)—wand RM(B) = mode(B) = w. Now
RM(A = RM(B) = A~ B.

Example 12. Let .-i = (-4,-2,-.1,7w) and
B = (-4,-2,-.1,.T;w,), be two generalized fuzzy

numbers then

Step 1 min(wy, wy) = w (say)

Step 2 R(A) = 0 and R(B) = 0. Since R(4) = R(B) =
RM(A) = mode(A) = 0 and RM(B) = mode(B) = 0. Now
RM(A)=RM(B)= A~ B.

A. Validation of the results

In the above examples it can be easily check that

B~ BoB.
(B B))=

(i) A~ B:»i

ie., RM((Ac B) < RM((Aa B)& (B B))
ii)A~B=AcB>BoB.

ie., RM((Aa B)a (Be B)) = RM((Aa B)a (Ba B))

(iii) A < B= 51-.1?_«;3:.8 ]
ie. RM((Ac B)a (BeB)) < RM((AeB)a (B B))

B. Validation of the proposed
function

ranking

For the validation of the proposed ranking
function, in Table 1, it is shown that proposed
ranking function satisfies the all reasonable
properties of fuzzy quantities proposed by Wang
and Kerre [18].



TABLE |
FULFILMENT OF THE AXIOMS FOR THE ORDERING IN THE FIRST AND
SECOND CLASS [18]

Indx Ay | Ag | ag | oAy | AT
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Froposed Approach

VI. CONCLUSION

A novel ranking method for obtaining the right
order of generalized trapezoidal fuzzy numbers
is provided in this study, highlighting the
inadequacies of Chen and Chen [16]. The
suggested ranking function meets all of the
acceptable features of fuzzy quantities
established by Wang and Kerre [18] as shown.
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